In 1982, Séébold showed that the only overlap-free binary words that are the fixed points of non-identity morphisms are the Thue-Morse word and its complement. We strengthen Séébold's result by showing that the same result holds if the term 'overlap-free' is replaced with ' 7 3 -power-free'. Furthermore, the number 7 3 is best possible.
Introduction
In 1912, Thue [15] gave a construction of an infinite overlap-free word over a binary alphabet. Since then the properties of infinite overlap-free words have been studied extensively (see, for example, the survey by Séébold [12] ). Thue [15] also gave a complete characterization of the bi-infinite overlap-free binary words (see also [6] ), and Fife [5] gave a characterization of the (one-sided) infinite overlap-free binary words. Séébold [11, 13] showed that the Thue-Morse word and its complement are the only infinite overlap-free binary words that can be obtained by iteration of a morphism. Another proof of this fact was later given by Berstel and Séébold [3] . We show that this result can be strengthened somewhat.
In this paper we are particularly concerned with 7 3 -powers. Several results previously known for overlap-free binary words have recently been shown to be true for 7 3 -power-free binary words as well. For example, Restivo and Salemi's factorization theorem for overlap-free binary words [10] was recently shown to be true for 7 3 -power-free binary words by Karhumäki and Shallit [7] . Similarly, Shur [14] gave a characterization of the bi-infinite 7 3 -power-free binary words that is analogous to that given by Thue for the bi-infinite overlap-free words. In fact, Shur showed that these two sets of words are equal. Furthermore, Shur showed that the number 7 3 is best possible; i.e., the result no longer holds if the number 7 3 is replaced by a larger number. The number 7 3 has been shown to be a threshold for other properties as well. Karhumäki and Shallit [7] also showed that the threshold between polynomial growth and exponential growth for binary words is 7 3 ; i.e., for 2 < α ≤ 7 3 , there are polynomially many binary words of length n that avoid α-powers, but for α > 7 3 , there are exponentially many binary words of length n that avoid α-powers. Kolpakov, Kucherov, and Tarannikov [8] showed that 7 3 is also a threshold for the minimal letter density in binary words; i.e., for 2 < α ≤ 7 3 , the minimal letter density in binary words avoiding α-powers is 1 2 , but for α > 7 3 , the minimal letter density in binary words avoiding α-powers is less than 1 2 . The goal of this paper is to generalize Séébold's result by showing that the Thue-Morse word and its complement are the only infinite 7 3 -power-free binary words that can be obtained by iteration of a morphism. At first glance, it may seem that this is an immediate consequence of Shur's result; however, this is not necessarily so, as there are infinite 7 3 -power-free binary words that cannot be extended to the left to form bi-infinite 7 3 -power-free binary words. For example, if we denote the complement of the Thue-Morse word by µ ω (1) (see Section 2), the infinite binary word 001001µ ω (1) has been shown by Allouche, Currie, and Shallit [1] to be the lexicographically least infinite overlap-free binary word; however, it cannot be extended to the left to form a 7 3 -power-free word: prepending a 0 creates the cube 000, and prepending a 1 creates the 7 3 -power 1001001. In general, results regarding infinite words are often more difficult to obtain than the analogous results for bi-infinite words; for example, note that a characterization of the bi-infinite overlap-free words was known to Thue [15] in 1912, whereas a characterization of the infinite overlap-free words was only given much later by Fife [5] in 1980.
Definitions and Notation
Let Σ be a finite, non-empty set called an alphabet. We denote the set of all finite words over the alphabet Σ by Σ * . We also write Σ + to denote the set Σ * −{ }, where is the empty word. Let Σ k denote the alphabet {0, 1, . . . , k−1}. Throughout this paper we will work exclusively with the binary alphabet Σ 2 .
Let N denote the set {0, 1, 2, . . .}. An infinite word is a map from N to Σ, and a bi-infinite word is a map from Z to Σ. The set of all infinite words over the alphabet Σ is denoted Σ ω . We also write Σ ∞ to denote the set Σ * ∪ Σ ω .
A map h : Σ * → ∆ * is called a morphism if h satisfies h(xy) = h(x)h(y) for all x, y ∈ Σ * . A morphism may be defined simply by specifying its action on Σ. A morphism h : Σ * → Σ * such that h(a) = ax for some a ∈ Σ is said to be prolongable on a; we may then repeatedly iterate h to obtain the fixed point
An overlap is a word of the form axaxa, where a ∈ Σ and x ∈ Σ * . A word w is called a subword of w ∈ Σ ∞ if there exist u ∈ Σ * and v ∈ Σ ∞ such that w = uw v. We say a word w is overlap-free (or avoids overlaps) if no subword of w is an overlap.
Let µ be the Thue-Morse morphism; i.e., the morphism defined by µ(0) = 01 and µ(1) = 10. It is well-known [9, 15] that the Thue-Morse word, µ ω (0), is overlap-free. The complement of the Thue-Morse word, given by µ ω (1), is also overlap-free.
We also need the notion of a fractional power, which was first introduced by Dejean [4]. Let α be a rational number such that α ≥ 1. An α-power is a word of the form x n x , where x, x ∈ Σ * , and x is a prefix of x with n + |x |/|x| = α. We say a word w is α-power-free (or avoids α-powers) if no subword of w is an
